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Theory of surface critical phenomena
Bragg glass in XY model and disordered periodic elastic systems
' Anderson localization

Non-Anderson disorder-driven quantum transition in Dirac materials
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* Theory of surface critical phenomena



Theory of surface critical phenomena

3D Ising model in a semi-infinite space

30 bulk Js  on the surface

H = — Z JijSiSj J’ij —

(2,7) Jp,  in the bulk

> <

H.W. Diehl, in Phase transitions and critical phenomena, vol. 10, pp. 76-260 (1986) 3



Theory of surface critical phenomena

3D Ising model in a semi-infinite space
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Phase diagram
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extraordinary
transition < surface transition
special
transition >
< ordinary transition
bulk ordered bulk disordered
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Theory of surface critical phenomena

3D Ising model in a semi-infinite space

> 3p b ulk Js  on the surface

(2,7) Jp,  in the bulk
> <
Phase diagram Critical exponents
order parameter
én surface ordered P
Jp _ My ~ (Te — T)P in the bulk
extraordinary
transition > < surface transition Mg ~ (Tc _ T) B1 on the surface
special correlation functions at 7
transition
1
< ordinary transition b-b ~ rd—2+Fn
bulk ordered bulk disordered R S-S ~u d—%-l—?? S-b ~ d—+‘|‘77j_
Te T r I r

H.W. Diehl, in Phase transitions and critical phenomena, vol. 10, pp. 76-260 (1986)



Mean field for the ordinary transition
Local magnetization in the mean field approximation

M(r) = tanh (Tl N J(r, r’)M(r’)) J(r)y=> J(rr) Te=J(z— o)



Mean field for the ordinary transition
Local magnetization in the mean field approximation

M(r) = tanh (Tl N J(r, r’)M(r’)) J(r)y=> J(rr) Te=J(z— o)

° . - q L . 1 ]. J - J
Expanding in Taylor and assuming J(z) = J(1 — —4(z)) mpo A
‘ ‘ 2\ A Jp
2 T — 1
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5 =\ 1 M ( O) (boundary conditions)
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Mean field for the ordinary transition
Local magnetization in the mean field approximation

M(r) = tanh (Tl N J(r, r’)M(r’)) J(r)y=> J(rr) Te=J(z— o)

e e - 1 1 J,—J
Expanding in Taylor and assuming J(z) = J(1 — —4(z2)) i R
| | 2\ A Jp
182M(z) M ( )—|—1M3( ) 7__(T—Tc) reduced ¢ wre)
— =T z — z = reduced temperature
2 922 3 Te
8M—(O) — )\_1 M (O) (boundary conditions)
0z
Magnetization profile for 7 < O +M(2)
_ (L2 (A
M(2) = (-7) f( : ) Y
Correlation length /
§ = (_7')_1/2 7 Ms
Bulk magnetization //
My~ (—m)Y2  g=1/2 /
[ | .
Surface magnetization Y 0 5' iZ'
MS ~ (_7-) 51 — 1 (extrapolation length) (correlation length) 4



Correlation functions in the Gaussian approximation
Correlation function far in the bulk

1
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Correlation functions in the Gaussian approximation

Correlation function far in the bulk

r = (&, z)
G(ri,r9) = 1
BT (@ - 32)2 F (21 — 22)2](@2)/2 n=0
Correlation function close to the surface
Method of image charges 1
G(rq,r9) =
Z a (r1,r2) [(Z1 — #2)2 + (21 — 20)2](d-2)/2
e 1
N [(Z1 — Z2)2 + (21 + 20 + 2X)2](d=2)/2
------ B .
- = oy L
, : S-S pwi ny = 2
_)\ O ~

n+mn =21y



Renormalization group approach

¢4 - model 00 1 T
— d—1 - 2, 7,2, 90 4
H=[at | dz[Q(W) + 242 + 24



Renormalization group approach

* - model

_fd=1, [, [l o2, 70,2, 90,4] €O [ d-1_ ,2
H=[atr [Ta: S(ve)? + D92+ Dot +2 [atlr 7 _

2

Robin boundary conditions
029|,—0 = c0 ¢l,—0

Bare correlation function for g =0

1 _ L co — Ko _ /
GO(Zazl; Q) — 2—/-/{,0 [6 KLO‘Z Z| — m@ HJO(Z—I_Z )] Ko = q2 _I_ 70



Renormalization group approach

4 _ L g
¢ - model 00
0 2=0

1
H= /dd’_lr/ dz {E(W)Q + %quz + %qb“] +%O d1r ¢°

Robin boundary conditions
029|,—0 = c0 ¢l,—0

Bare correlation function for ¢ =0

1 _
Goter 59 = [l - IOk 2

2/4;0 CO—I—K,O
We have to renormalize not only 70, 90, ¢ but also co, ¢[,—¢

The renormalization group flow has 3 nontrivial fixed points %, g¢* with
Js,

) surface ordered
* s cas g e , _ s Jb
¢’ = o0  Ordinary transition (Dirichlet boundary condition) extraordinary
transition —» < surface transition
* P egs v , ] egs i
¢’ = 0  Special transition (Neumann boundary condition) Py >
< ordinary transition
C — —OCO  Extraordinary transition ( c is dangerously irrelevant)
bulk ordered bulk disordered

T T 6
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Ordinary transition ( c¢* = oo )

Expansion of the correlation function G(z,2;q) = 5 erol=# _ gmrole 2]
RO

UV sinqularities in correlation functions can be absorbed by renormalization
1/2
¢ = Zl/ngR 82¢|3 — (quZ].) / az¢|3R
A4—d
T0 = W2 ZrT + e go = "Zgu
Renormalization conditions:

— 3
ZsG%0) (2, 2'; q) = finite :: Zo=1——72 + O(e”)
n—+1
quZl/2 o° el G 1)(2 2" q) = finite Z1 =1+ g+ O(?)
020z’ =0 3¢



Ordinary transition ( ¢ =oc )

Expansion of the correlation function G(z,2;q) = 5 erol=# _ gmrole 2]
RO

UV sinqularities in correlation functions can be absorbed by renormalization
1/2
o= 2;""r 0:8]s = (Z521)"? 0:|4
A4—d
T0 = W2 ZrT + e go = "Zgu
Renormalization conditions:

— 3
ZsG%0) (2, 2'; q) = finite :: Zo=1——72 + O(e”)
n—+1
quZl/2 o° el G 1)(2 2’ q) = finite Z1 =1+ g+ O(e?)
020z’ =0 3¢
RG functions and fixed point Critical exponents
B = nduglo N n =ny(g") nL = m+n))/2
;= 8|I"IZ'| B(g)_o *
i = HOp T Zilo =2+ n1(g") Br=v(d—2+mn))/2

Surface critical exponents to one loop

_n—|—2 B =1_ 3
n+8 L= 2(n+8) 7

=
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* Bragg glass in XY model and disordered periodic elastic systems



Semi-infinite Bragqg glass
XY model with random fields in d =4 — ¢ dimension
H=-J>S;S; —Zhisi—hl S s

(1,7) { tesurface
[Sil* =1




Semi-infinite Bragg glass

XY model with random fields in d =4 — ¢ dimension

H=-7Y 88;-> hSi—h > 8

(4,5) @ iesurface
| » | - . _g oq g - ) - g _ g K . 2 _
Replicated Hamiltonian averaged over disorder [Sil® =1
(continuum version) D. S. Fisher, Phys. Rev. B 31, 7233 (1985)

1 n 1 n n
H = /v{ia; (Vsa(r))? —o > R(s@m-sb(r))}—a; [ Bisa()

a,b=1




Semi-infinite Bragg glass

XY model with random fields in d =4 — ¢ dimension

H=-7Y 88;-> hSi—h > 8

(4,5) @ iesurface
| > | N s _{ od g 2 ) - ¢ - g g X 2 I
Replicated Hamiltonian averaged over disorder [Sil® =1
(continuum version) D. S. Fisher, Phys. Rev. B 31, 7233 (1985)

1 n 1 n n
H = /v{ia; (Vsa(r))? 57 > R(s@m-sb(r))}—a; [ Bisa()

a,b=1
Quasi-long range ordered phase for d <4 can be studied by FRG

UV singularities in correlation functions can be absorbed by renormalization

Perturbative expansion =2, #|, = (Zzz)Y? 7|,
b= 1220720 by = uZp(ZeZy) " 2y
(S 2 . )

RG functions
BIR] = — /»LauR(¢)|o

G = uouInZ;lg, (G =17,m1)




Fixed point

R($) = <R(®)+ R - B'(O)R"(9) )

D. E. Feldman, PRB 61, 382 (2000)
P. Le Doussal, K.J. Wiese, PRL 96, 197202 (2006)

M. Tissier, G.Tarjus, PRB 74, 214419 (2006)




Fixed point
1 /
R(¢) = eR(9) +§[R”(¢>12 — R"(0)R"(¢)

D. E. Feldman, PRB 61, 382 (2000)
P. Le Doussal, K.J. Wiese, PRL 96, 197202 (2006)

M. Tissier, G.Tarjus, PRB 74, 214419 (2006)
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Connected two-point function

O G I

Disconnected two-point function
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Fixed point

R($) = <R(®)+ R - B'(O)R"(9)

—R*”(¢)
1

D. E. Feldman, PRB 61, 382 (2000)

P. Le Doussal, K.J. Wiese, PRL 96, 197202 (2006)

M. Tissier, G.Tarjus, PRB 74, 214419 (2006)

W—QT(W 0 W on\ 31/ ¢
Connected two-point function
1
(5() -G = (5} - G ~ e n=Cr— (T

nL=¢+¢1/2—Cr

Disconnected two-point function
F M =¢+¢ —¢r

5) - (0~ 50 - (56N ~ s

Critical exponents for the free surface h; — 0  AARFhys Rev.ES6.02151 (G012
2
° Ny =< 272
= —¢ = —¢
n §) l o

2
2 - I8 22



Disordered periodic elastic systems

Hamiltonian
r = (&, z)
< — d—1 >0 E 2
S5 pulk = [a e [T S Ou)? + Ve
S
c elasticity constant

>z  V(=z,u) random potential with zero mean and variance
P. Le Doussal, K.J. Wiese, 7 N od /
P. Chauve, PRE 69, 026112 (2004) V(z,w)V(z',u) = R(u —u)é"(xz —x")
K.J. Wiese, Rep. Prog. Phys. 85, 086502 (2022)




Disordered periodic elastic systems

Hamiltonian
r = (&, z)
< — d—1 >0 E 2
S5 pulk = [a e [T S Ou)? + Ve
S
c elasticity constant

>z  V(=z,u) random potential with zero mean and variance
P. Le Doussal, K.J. Wiese, 7 N od /
P. Chauve, PRE 69, 026112 (2004) V(z,w)V(z',u) = R(u —u)é"(xz —x")
K.J. Wiese, Rep. Prog. Phys. 85, 086502 (2022)

Random Periodic (RP): R(w) is periodic \ A A / .
VARVARVARY

CDW, vortex lattice in type II superconductors

10



Disordered periodic elastic systems

Hamiltonian
r = (f7 Z)
9 2= [ gd-1, [, F(Vu(r))Q V()
O |
K [ai s 72
o l’u
c elasticity constant

P. Le Doussal, K.J. Wiese, R N od /
P. Chauve, PRE 69, 026112 (2004) V(z,w)V(z',u) = R(u —u)é"(xz —x")

K.J. Wiese, Rep. Prog. Phys. 85, 086502 (2022)

>z  V(=z,u) random potential with zero mean and variance

Random Periodic (RP): R(w) is periodic \ A A / .
VARVARVARY

CDW, vortex lattice in type II superconductors

2 )
in the bulk (u(r) —u(x’)) ~ 18 Injr — 1

| | 5
close to the surface (u(z) —u(0)) —2 In|z|

— 2 5
on the surface (u(Z) — u(@)) — In | — 7
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Anderson localization transition

Single electron in a Gaussian random potential
——mvz + V(z) | Ya(x) = Eatpa(x)

p(E)

mobility edge

extended
Lifshitz tails

V() =0

V(e)V(x) = As(x — )

A Yo (x) extended

-1

localized

P.W. Anderson, Phys. Rev. 109, 1492 (1958)
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Anderson localization transition
Single electron in a Gaussian random potential
——mV2 + V(@) | Ya(x) = Eatpal(x) V(z) =0
A N __ L /
p(E) V(z)V(z") = Ad(x — ')

mobility edge

A Yo (x) extended

-1

extended
Lifshitz tails

0 Ee E

Localization length ¢~ (E.—E)Y

Conductivity o~ (E—E)5 s=v(d—2)

localized

P.W. Anderson, Phys. Rev. 109, 1492 (1958)
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Anderson localization transition

Single electron in a Gaussian random potential

_—mV2 +V(x)| Yalz) = Eavalz)  V(z) =0
p(E)| V(z)V(z) = Ad(z — )

mobility edge

A Yo(z) extended

-1
extended
Lifshitz tails
_ xIr
0 Ee E
§(E)

Localization [ength ¢~ (E.— E)™Y

Conductivity o~ (E—E)5 s=v(d—2)

localized

Field theory . ‘N'Own.“vnear siqvmla m@del P.W. Anderson, Phys. Rev. 109, 1492 (1958)

SIQI = [T [D(VQ)2 - 2iAQ]  @2=1 Tr@=0

F. Wegner, Z. Phys. B 35, 207 (1979) i



Multifractality

Inverse participation ratio I, = / d®r|e(r)[*? _ |

- L—d(q—l) (extended states)

—d(g—1)—A, (critical wave functions)
Py~ < L q
10 (Iocalized states) B. Huckestein, RMP 67, 357 (1995)
L .
- ) A (O) _ 4

Multifractal spectrum A;7  =q(l—qke+ 0(7)

F. Evers, A. D. Mirlin, Rev. Mod. Phys. 80, 1355 (2008)

12



Multifractality

Inverse participation ratio F; = / d% |4 (r)|29 (r)[?

- L—d(q—l) (extended states)

~ r
—d(qg—1)—A (critical wave functions)
Pq ~ .< L q
LO (localized states) B. Huckestein, RMP 67, 357 ( 1993)
—
L , e i o A (O) _ 4

Multifractal spectrum in the bulk AP = q(1 — e + O

What ab0ut the Surface? F. Evers, A. D. Mirlin, Rev. Mod. Phys. 80, 1355 (2008)

, - , A (5)

Surface multifractal spectrum  P{®) = / d4 1zjyp(x)]%9 ~ L~ Ha—D+1-4y

2D weakly localized metallic system with dimensionless conductance 9 > 1

shows multifractality on length scales below the localization length ¢ ~ ™9
T T - [ ' A —_— —1

Bulk multifractal spectrum A, = (mg) "q(l—q)

Surface multifractal spectrum ASS) = 2(mg) " tq(1 - q)

A. R. Subramaniam, I. A. Gruzberg, A. W. W. Ludwig, F. Evers, A. Mildenberger, A. D. Mirlin, PRL 96, 126802 (2006) 12
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* Non-Anderson disorder-driven quantum transition in Dirac materials



Disordered Dirac fermions

Hamiltonian 1/ (x,y,z=0) - single disorder realization
* * . 5 M A iE
_— y ~ ’ﬁx
H = —ijvpad + V(x) . ol

Gaussain random potential :

V(zx) =0 V(z)V(Z) = Ad(x — 2)



Disordered Dirac fermions

Hamﬂtanian V(x,y,z=0) - single disorder realization
H = —’I:’UFO_ZE? —|— V(:U)

Gaussain random potential :

V(zx) =0 V(z)V(Z) = Ad(x — 2)

Scaling arguments

Kinetic energy : Etyp = hopk

—d/2
Disorder potential : Vi, ~ VA | —
ag

In the limit of zero energy (kx — O )
disorder is dominant for d < 2
and irrelevant for d > 2

13



Disordered Dirac fermions

Ham;ﬂvtonian V(x,y,z=0) - single disorder realization
H = —’I:’UFO_ZE? —|— V(:U)

Gaussain random potential :

V(zx) =0 V(e)V(z) = As(z — 2)

Self-consistent Born approximation

ImX(e),
Green function A mﬁ_
. 1 E
G(ka 6) — - = 0.15fF
e —vpak — X (k,e) [
0.10F
SCBA equation
0.05F
d3k _
2 = A T .
(¢) = / ory3 T G(F, o) S



New disorder driven guantum transition # Anderson localization

(B =0) disorder A
a p(E)}
< Pure
Semimetal » « Diffusive
Mekal » ) .
0 p(E) ~ E*
A disorder A
The mean free path & ~ |A — A¢|™”
B
Density of states (DOS) : _
e~ 1/ « weak Y { «strong
p(E) — §Z p(Efz, (A — Ac)§ V) disorder » * disorder »
at the transition : YA
p(0,A) ~ A=A B=uv(d-2)
d/z—1
P (E ) ~ Lk / K. Kobayashi, T. Ohtsuki, K.-I. Imura, I. F. Herbut, PRL 112, 016402 (2014)
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Replicated action : Gross-Neveu model in the limit of N — O

p . N 1 N B B
SGN = /d x {—’l azzjl waajajwa — §Aabz::1 <¢a¢a> (%%)

15



Replicated action : Gross-Neveu model in the limit of N — O
p N 1 N 3 3
Son = [ d%e |=i Y FacOia — A Y (Fava) (Prin)
a=1 a,b=1
Renormalization groupin d =2 + ¢

B. Roy, S. Das Sarma, PRB 90, 241112(R) (2014)
—mOm A = B(A) = —eA +4(1 — NA? + ...

T2
1 , Free critical FP Strong coupling
B AF
v A 0] emp AN
A =0
4(1 - N)

15



Replicated action : Gross-Neveu model in the limit of N — O

N
a=1

Renormalization groupin d =2 + ¢

—mOn A = B(A) = —eA +4(1 — N)A? +

A=Am¢ [N= gtrﬂ
1
— = B'(A%)
74
Critical exponents
g2  3¢3

1
=t S+ +0 (%)

174

2 3

g € 3e 4
—14--—+= 40
s=1+5 -5 +55+0ED

2 3 4
3 3e 25¢ 5
= — — O
1 3 + 16 128 + 0(e”)

Free

béil <1;a¢a> <7Eb¢b>

B. Roy, S. Das Sarma, PRB 90, 241112(R) (2014)

RG flow
critical FP Strong coupling
—&
«_ _EMmg N\
4(1 - N)

Multifractal s*pectrum

ADlrac

—q(l — q)e? + O(e3)

T. Louvet, AAF, D. Carpentier, PRB 94, 220201(R) (2016)

S.V. Syzranov, V. Gurarie, L. Radzihovsky, Ann. Phys. 373, 694 (2016)

E. Brillaux, D. Carpentier, AAF, PRB 100, 134204 (2019)
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Dirac fermions in a semi-infinite system

Hamiltonian

~~

Ay =iro-d 2>0 = T:0;

‘> Hard wall boundary at z = 0

A ags . E. Witten, Three Lectures On Topological
Boundar Y conditions M va | »=01+ — ?P | »=0t Phases Of Matter, 2018

Unitary Hermitian, no transverse current

{M, Tzaz} =0 My = . —16 0 0 0

Surface states bmk@ﬂﬁm
b~ e HE e = kj cos 0 Z7cos 6

Hoy = ey
H = k” sin @

O. Shtanko, L. Levitov, PNAS 115, 5908 (2018)
16



Disordered Dirac fermions in a semi-infinite system

Hamiltonian & boundary conditions

My| =0 = ¥].=0 V(e)V(z) = As(x — ')

17



Disordered Dirac fermions in a semi-infinite system
Hamiltonian & boundary conditions

My| =0 = ¥].=0 V(e)V(z) = As(x — ')

Local self-consistent Born approximation

2
> (e,2) = A/ d ];QTF [G(E,z,z, e)]

(2~

Phase diagram in the presence of bulk disorder
Local DOS profile p(e = 0, 2)

A0
2 > Metal
0.5¢ £
[ A °
0.4} —0.0 0.8 —1.05 %
0.3_‘ 0.5 0.9 —1.10 . Special .
0.9t 0.7 1.0 —1.15 A, A
2 T >
o1 9=
0'0: . " P | . P —— . . PP | . —— ""'J‘I‘\.Z Semlme':al é
1072 10~} 10" 101 102 o with metallic surface |
2

E. Brillaux, AAF, PRB 100, 103, 081405 (2021) 17



Special transtion (¢ = 0) : renormalization group

Action for the system with a surface

s = i >Oddwa<w>auwa<w>—§ [ d (@) va(@) By @)

ti [ NP e Ma(7)

18



Special transtion (¢ = 0) : renormalization group

Action for the system with a surface
. — A _ _
S = —i| dsdu@audua@) — 2 [ % da(@)a(@)d@) (@)
2>0 2 Jz>0
+i [ A" rga(Pa: Misa ()
Renormalization
< 2u" S Z A

b = Zl/qu, @5322%2%, O =2,2;0, Os =Z20,2;105, A=

O(z) := (z)y(x), Os(r) = Ps(r)ys(r)

Z-factors from minimal subtraction scheme

Kq Z;

AZ 2A
Zy=1-— Zy, =1-""+0(A%
2A  6A? EA
do =1 e T Zo,=1--—+0(A%
16
=1+2 487 (5+2) |
IS IS E. Brillaux, AAF, I. Gruzberg, PRB 109, 174204 (2024)



Special transtion: renormalization group

RG functions

o VAN o0 1In Z’i

B = —ug | L m(A) = —BA)T
A

Critical exponents at fixed point B(A*) =0

1 / « * *
= =F(A7), z=1+(A%), n=ny(A"),

M| = My (A7)

B=v(d=2), s =v(d=1-10,(8") +ny(AY)

Two point surface functions

? a-(rp — )
G(ri,m2) = (1 + Mp) g
Sd |7 — 7T

1 o
G(0,2) = ==~ (1 + Mo) =7

d
Surface DOS

ps ~ | A — AC|BS

E. Brillaux, AAF, I. Gruzberg, PRB 109,

2

T — —g + 0(53)
)

m = —5 + 0(52)

1
nL = 5m+m)

%zl—l—gs—l—O(sQ)

174204 (2024)

(1 =, ¢s,w,0s), Y(A) =nu(A) —ny(A)

19



Thank you for your attention!



